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INTRODUCTION TO SHILOV
LINEAR ALGEBRA

When  students  and  mathematicians
alike begin their journey into the world of
vector  spaces,  matrices,  and  linear
transformations, they often encounter a
classic  text  that  has  shaped  the  way
linear  algebra  is  taught  for  decades.
Shilov  Linear  Algebra,  originally
wri t ten  by  the  renowned  Soviet
mathematician Georgi E. Shilov, stands
as  a  pillar  of  mathematical  exposition
that  balances  rigorous  theory  with
accessible explanation. First published in
the  1960s  and  later  translated  into
English, this work has become a staple
for  undergraduate  and  graduate
students  seeking  a  deeper,  more
conceptual  understanding  of  linear
algebra  beyond  mere  computational
mechanics.
The text  is  distinctive in  its  approach.
Shilov does not treat linear algebra as a
collection  of  disjointed  techniques  for
solving  systems  of  equations  or
manipulating  matrices.  Instead,  he
presents  the  subject  as  a  coherent
branch  of  mathematics  rooted  in  the
theory  of  vector  spaces,  with  an
emphasis on structure, proof, and logical
progression.  For  anyone  serious  about
mas te r ing  l i nea r  a lgebra  as  a
foundational  tool  for  pure  and  applied
mathematics, Shilov Linear Algebra is
a resource that rewards careful reading
with lasting insight.

WHO WAS GEORGI E. SHILOV?

To fully appreciate the book, it helps to
understand  the  man  behind  it.  Georgi
Evgenievich  Shilov  (1917–1975)  was  a
distinguished  Soviet  mathematician
known for his work in functional analysis,
differential  equations,  and  the  theory  of
generalized functions. He was a student
of  Andrey  Kolmogorov  and  later
collaborated  with  Israel  Gelfand,  two
towering  figures  in  20th-century
mathematics.  Shilov  contributed
significantly  to  the  theory  of
commutative  normed  rings,  partial
differential equations, and mathematical
physics.
Shilov  had  a  gift  for  exposition.  He
believed  that  mathematics  should  be
taught with clarity, rigor, and a sense of
purpose.  His  linear  algebra  book  is  a
reflection of this philosophy. Rather than
overwhelming  readers  with  abstraction
for its own sake, Shilov Linear Algebra
carefully  builds  concepts  from  the
ground up, ensuring that each new idea
is motivated and that its connections to
earlier material are clearly shown.

OVERVIEW OF THE BOOK'S
STRUCTURE AND CONTENT

The book covers the standard topics one
would expect in a rigorous linear algebra
course, but it does so with a distinctive
organization and depth of treatment. Let
us walk through the major sections and
themes  that  define  Shilov  Linear
Algebra.
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Part One: Vector
Spaces and
Linear
Transformations
Shilov begins with the fundamental idea
of  a  vector  space.  He  defines  vector
spaces  over  arbitrary  fields,  though  the
primary  focus  is  on  real  and  complex
numbers.  He  introduces  subspaces,
l inear  independence,  bases,  and
dimension  with  meticulous  precision.
What  sets  this  exposition  apart  is  the
way Shilov integrates the concept of a
linear transformation early on. He does
not  treat  matrices  as  primary  objects;
rather,  matrices  emerge  naturally  as
representations of linear transformations
once bases have been chosen.
This  conceptual  ordering  is  crucial.  By
placing  linear  transformations  at  the
center,  Shilov  ensures  that  students
understand the geometric and algebraic
meaning  of  matrix  operations.  The
determinant, for example, is introduced
as  a  multilinear  function  on  a  vector
space,  which  is  far  more  illuminating
than the usual combinatorial definition.

Part Two: The
Structure of
Linear Operators
In the second part of  the book, Shilov
delves into the deeper theory of linear
operators  on  finite-dimensional  vector
spaces.  He  covers  eigenvalues  and
eigenvectors,  the  characteristic

polynomial,  and  the  Cayley-Hamilton
theorem with clarity and elegance. The
discussion  of  canonical  forms  is
particularly  thorough.
Shi lov  presents  both  the  Jordan
canonical  form  and  the  rat ional
canonical form, showing how they arise
from  the  structure  theory  of  modules
over  a  polynomial  ring.  This  is  an
advanced  t reatment  that  many
contemporary  linear  algebra  books
either omit or relegate to an appendix.
Yet  Shilov  makes  it  accessible  by
carefully guiding the reader through the
necessary  algebraic  preliminaries.  The
result is that students come away with a
genuine understanding of why canonical
forms exist and how they classify linear
operators up to similarity.

Part Three:
Bilinear and
Quadratic Forms
Another  highlight  of  Shilov  Linear
Algebra is the treatment of bilinear and
quadratic  forms.  Shi lov  devotes
considerable attention to the theory of
real  and complex quadratic  forms,  the
law  of  inertia,  and  the  classification  of
forms by their signature. This material is
essential  for  applications  in  physics,
engineering,  and  optimization,  and
Shilov presents it with his characteristic
blend of rigor and intuition.
The  chapter  on  Euclidean  and  unitary
spaces is particularly well  done. Shilov
introduces inner products and the notion
of orthogonality, leading to the spectral
theorem  for  symmetric  and  Hermitian
operators.  Once  again,  he  emphasizes
the geometric ideas behind the algebra,
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helping  readers  see  why these  results
are so powerful.

Part Four:
Multilinear
Algebra and
Tensors
The  final  section  of  the  book  goes
beyond  what  many  introductory  texts
cover. Shilov introduces the concept of
tensors, exterior algebra, and the wedge
product.  This  material  is  a  natural
extension of the earlier theory of bilinear
forms and serves as a bridge to more
advanced topics in differential geometry
and  physics.  For  students  planning  to
study  general  relativity,  continuum
mechanics,  or advanced representation
theory,  these  chapters  provide  a  solid
foundation.

THE UNIQUE PEDAGOGICAL
STYLE OF SHILOV

What makes Shilov Linear Algebra so
effective  as  a  learning  tool  is  the
author's pedagogical style. Shilov writes
with a conversational yet precise tone.
He  anticipates  the  reader's  questions
and addresses them before they become
obstacles.  The  book  is  filled  with
clarifying  remarks,  warnings  about
common  p i t fa l l s ,  and  in tu i t ive
explanations that supplement the formal
proofs.
Moreover,  Shilov  includes  a  generous
collection  of  problems  and  exercises.
These  are  not  routine  computational
drills; they are thoughtfully designed to
deepen understanding.  Some problems
are  s t ra ight fo rward  checks  o f

comprehension,  while  others  are
challenging  proofs  that  extend  the
material.  The exercises  are integral  to
the  learning  process,  and  Shilov  often
uses  them  to  introduce  additional
examples  and  counterexamples.

Comparison with
Other Linear
Algebra Texts
How  does  Shilov  Linear  Algebra
compare to other well-known texts in the
field?  Here  is  a  brief  comparison  with  a
few major alternatives:

Strang, "Introduction to Linear
Algebra" – Strang's book is
heavily applied and computational,
with a focus on numerical
methods, the singular value
decomposition, and applications in
data science and engineering.
Shilov is more theoretical and
abstract, with less emphasis on
computation and more on
underlying structure.
Axler, "Linear Algebra Done
Right" – Axler deliberately avoids
determinants until the final
chapter, preferring to develop the
theory of eigenvalues and inner
products from first principles.
Shilov also emphasizes conceptual
clarity, but he does not shy away
from determinants and uses them
throughout. Both books share a
rigorous, proof-based approach,
but Shilov covers more ground in
canonical forms and multilinear
algebra.
Hoffman and Kunze, "Linear
Algebra" – This is perhaps the
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closest analogue to Shilov. Both
texts are rigorous, abstract, and
aimed at mathematics majors.
Hoffman and Kunze go deeper into
module theory and polynomial
rings, while Shilov is slightly more
accessible for self-study. Many
readers find Shilov's exposition
smoother and more engaging.
Lang, "Linear Algebra" – Lang's
text is also rigorous but is known
for its terse and sometimes dry
presentation. Shilov, by contrast,
is more conversational and
explanatory, making it a better
choice for independent learners.

TARGET AUDIENCE AND
PREREQUISITES

Shilov  Linear  Algebra  is  primarily
aimed  at  undergraduate  mathematics
students who have already completed a
calculus  sequence  and  possess  some
maturity in abstract reasoning. A course
in  elementary  linear  algebra  covering
matrix operations, Gaussian elimination,
and  basic  vector  geometry  would  be
helpful, but it is not strictly necessary if
the reader is willing to work through the
early chapters carefully.
Graduate  s tudents  in  phys ics ,
engineering, and computer science may
also  find  the  book  valuable,  especially
the  later  chapters  on  tensors  and
canonica l  forms.  However ,  the
theoretical  emphasis may make it  less
suitable  for  those  who  need  a  quick,
applied introduction. The ideal reader is
someone  who  wants  to  understand
linear algebra deeply, not just use it as a
tool.

WHY SHILOV LINEAR ALGEBRA
REMAINS RELEVANT TODAY

In an era when many linear algebra texts

are  competing  to  include  the  latest
applications  in  machine  learning,  data
science, and numerical computing, one
might wonder whether a classic text like
Shilov's is still relevant. The answer is a
resounding  yes.  The  core  concepts  of
linear  algebra  have  not  changed,  and
Shilov's  elegant  exposition  of  those
concepts  remains  as  fresh  as  ever.
Furthermore,  the  r ise  of  modern
applications has made a solid theoretical
grounding  even  more  important.  Data
sc ient i s ts  who  work  wi th  h igh-
dimensional  vector  spaces,  engineers
w h o  u s e  t h e  s i n g u l a r  v a l u e
decomposition, and physicists who study
quantum  mechanics  all  benefit  from  a
deep  understanding  of  the  underlying
mathematics.  Shilov  Linear  Algebra
provides that understanding.
Many  readers  also  appreciate  the
historical  context  that  Shilov  provides.
He  mentions  the  contributions  of  key
mathematicians  and  situates  the
development of linear algebra within the
broader  history  of  mathematics.  This
humanizes  the  subject  and  shows
students  that  mathematics  is  a  living,
evolving discipline.

PRACTICAL TIPS FOR STUDYING
SHILOV LINEAR ALGEBRA

If  you  decide  to  work  through  Shilov
Linear  Algebra ,  here  are  a  few
suggestions to get the most out of the
experience:

Read actively. Keep a notebook1.
handy and work through the
derivations as you go. Shilov often
skips intermediate algebraic steps,
expecting the reader to fill them
in. This is by design; it forces you
to engage with the material.
Do the exercises. The problems2.



Shilov Linear Algebra 5

5

at the end of each section are not
optional. They are an essential
part of the learning process. Even
if you cannot solve every problem,
attempting them will deepen your
understanding.
Supplement with examples.3.
Shilov uses abstract vector spaces,
but you should always keep
concrete examples in mind.
Compute with matrices and
vectors in ℝ² and ℝ³ to ground the
abstract concepts.
Form a study group. Linear4.
algebra is best learned in dialogue.
Discussing proofs and problems
with peers will clarify ideas and
expose gaps in your
understanding.
Be patient. Some sections of the5.
book are challenging, especially
the material on canonical forms
and tensors. It is normal to read a
passage several times before it
clicks. Persistence is key.

CRITICAL RECEPTION AND
LEGACY

Since its translation into English, Shilov
Linear Algebra has been widely praised
by mathematicians and educators. It is
often cited as one of the clearest and
most logically organized introductions to
the  sub jec t .  Many  p ro fes so r s
recommend  it  alongside  more  modern
texts  for  students  who want  a  deeper
theoretical grounding.
The book has also influenced subsequent
generations of mathematics writers. Its

emphasis  on  linear  transformations  as
the central object of study, with matrices
as  a  derived  concept,  has  become
standard in modern abstract treatments.
Shilov's approach to canonical forms via
invariant factors and elementary divisors
r e m a i n s  o n e  o f  t h e  c l e a n e s t
presentations  available.
One minor criticism sometimes leveled
at  the  book  is  its  relative  lack  of
computational  examples.  Students who
are  primarily  interested  in  solving
practical  problems  may  find  it  too
abstract.  However,  this  is  not  a  flaw  in
the  book's  design;  it  simply  reflects
Shilov's goal of teaching mathematics as
a  discipline  of  ideas  rather  than  a
collection of recipes.

CONCLUSION

Shilov  Linear  Algebra  is  more  than
just a textbook. It is a carefully crafted
mathematical narrative that guides the
reader  from  the  definition  of  a  vector
space  to  the  frontiers  of  multilinear
algebra with clarity, rigor, and elegance.
Whi le  i t  may  not  be  the  eas iest
introduction  to  the  subject,  i t  is
unquest ionably  one  of  the  most
rewarding.  For  anyone  who  wants  to
truly  understand  linear  algebra,  rather
than merely  perform its  computations,
Shilov's  masterpiece  remains  an
indispensable resource. Whether you are
a mathematics student, a physicist, an
engineer,  or  a  self-taught  enthusiast,
this book will challenge you, inspire you,
and ultimately deepen your appreciation
for one of the most beautiful branches of
mathematics.


