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UNDERSTANDING
THE FOURIER
TRANSFORM: A
BRIDGE BETWEEN
TIME AND
FREQUENCY

The  Fourier  transform
stands  as  one  of  the
m o s t  p o w e r f u l
mathematical  tools
ever conceived, acting
as  a  bridge  between
the  time  domain  and
the frequency domain.
For  anyone  studying
signal  processing,
p h y s i c s ,  o r
engineering, mastering

Fourier  transform
e x a m p l e s  a n d
solutions  is  essential
for  interpreting  how
s i g n a l s  b e h a v e .
W h e t h e r  y o u  a r e
analyzing audio waves,
electrical  circuits,  or
quantum  mechanical
systems, the ability to
decompose a complex
s i g n a l  i n t o  i t s
constituent frequencies
un locks  pro found
insights.  This  article
walks through concrete
examples,  provides
step-by-step  solutions,
a n d  e x p l a i n s  t h e
underlying principles in
a  w a y  t h a t  f e e l s
intuitive  rather  than
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abstract.
At its core, the Fourier
transform  answers  a
simple  question:  what
frequencies make up a
given signal? A musical
chord,  for  instance,
consists  of  several
n o t e s  p l a y e d
simultaneously.  The
Four ier  t ransform
reveals each individual
note hidden within the
composite  sound.  This
decomposition  is  not
merely  an  academic
exercise but a practical
necessity  in  fields
ranging  from  medical
i m a g i n g  t o
telecommunications.
By  working  through
specific  Fourier
transform  examples
and  solutions,  you
will gain the confidence
to apply this transform
to real-world problems.

THE
MATHEMATICAL

FOUNDATION OF
THE FOURIER
TRANSFORM

Before  div ing  into
examples,  it  is  helpful
to  recal l  the  basic
definition.  The
continuous  Fourier
transform of a function
f(t) is given by:
F(ω) = ∫ f(t) e−iωt dt
Here,  ω  represents
angular frequency, and
the integral  runs  over
all  time.  The  inverse
transform recovers the
original  function  from
i t s  f r e q u e n c y
representation.  While
t h e  f o r m u l a  m a y
appear  intimidating  at
first,  working  through
specific  Fourier
transform  examples
a n d  s o l u t i o n s
demystifies  the
process  and  reveals
the  elegance  hidden
w i t h i n  t h e
mathematics.
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Key
Propertie
s That
Simplify
Computat
ions
Several  properties  of
the  Fourier  transform
make  i t  eas i e r  t o
compute  complex
examples  wi thout
performing the integral
from  scratch  every
time.  These  include
linearity, time shifting,
frequency  shifting,
s c a l i n g ,  a n d
convolution. Familiarity
with  these  properties
transforms what might
s e e m  l i k e  a
b u r d e n s o m e
calcu lat ion  into  a
manageable  task.

When  you  encounter
n e w  F o u r i e r
transform  examples
and solutions, always
check  whether  these
properties can simplify
you r  wo rk  be fo re
resorting  to  direct
integration.

Linearity: The
transform of a
sum equals the
sum of the
transforms.
Time Shift:
Shifting a signal
in time adds a
linear phase in
the frequency
domain.
Frequency
Shift:
Multiplying by a
complex
exponential
shifts the
frequency
spectrum.
Scaling:
Compressing
time expands
frequency and



4

4 Fourier Transform Examples And
Solutions

2023-09-15

vice versa.
Convolution:
Convolution in
time becomes
multiplication in
frequency.

EXAMPLE 1: THE
FOURIER
TRANSFORM OF A
RECTANGULAR
PULSE

The  rectangular  pulse
is  one  of  the  most
fundamental  signals
encountered  when
study ing  Fourier
transform  examples
and  solut ions .  A
rectangular  pulse  of
a m p l i t u d e  A  a n d
duration T centered at
zero is defined as:
f(t) = A for −T/2 ≤ t ≤
T / 2 ,  a n d  z e r o
elsewhere.

Step-by-

Step
Solution
To compute the Fourier
transform, we evaluate
the  integral  over  the
reg ion  where  the
function is nonzero:
F(ω) = ∫−T/2

T/2  A e−iωt

dt
I n t e g r a t i n g  t h e
exponential  gives:
F(ω)  =  A  [  e − i ω t  /
(−iω) ]− T / 2

T / 2

Evaluating  the  limits
and  simplifying  using
Euler's  formula  leads
to:
F(ω) = A T sin(ωT/2)
/ (ωT/2)
This  expression  is  the
w e l l - k n o w n  s i n c
function,  often  written
as  A  T  sinc(ωT/2) .
This result is central to
m a n y  F o u r i e r
transform  examples
a n d  s o l u t i o n s
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because  it  appears
repeatedly in sampling
t h e o r y ,  a n t e n n a
pattern  analysis,  and
p u l s e  s h a p i n g  i n
communications.  The
sinc function exhibits a
m a i n  l o b e  a n d
decaying  side  lobes,
which  explains  why
sharp  transitions  in
t i m e  p r o d u c e
widespread  frequency
content.

EXAMPLE 2:
FOURIER
TRANSFORM OF A
GAUSSIAN
FUNCTION

The  Gaussian  function
holds a special place in
both mathematics and
phys ics  due  to  i t s
unique  property:  the
Fourier  transform of  a
Gaussian  is  another
Gaussian. This makes it
o n e  o f  t h e  m o s t
e l e g a n t  Four ie r
transform  examples
and  solut ions  to

study.
Consider  the Gaussian
function  f(t)  =  e−at²,
where  a  is  a  positive
constant.

Step-by-
Step
Solution
The  Fourier  transform
is given by:
F(ω) = ∫ e−at² e−iωt dt
T h i s  i n t e g r a l  i s
e v a l u a t e d  b y
completing the square
i n  t h e  e x p o n e n t .
Rewriting the exponent
gives:
−at² − iωt = −a (t² +
iω t / a )  =  −a  ( t  +
iω/(2a))² − ω²/(4a)
The  in tegra l  then
becomes  a  Gaussian
integral  shifted  in  the
complex  plane.  Using
the known result that ∫
e−ax²  dx  =  √(π/a),  we
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obtain:
F(ω) = √(π/a) e−ω²/(4a)

T h i s  r e s u l t
demonstrates  that  a
narrow  Gaussian  in
time (large a) produces
a  broad  Gaussian  in
frequency,  and  vice
versa. This relationship
i s  a  c o n c r e t e
i l lustrat ion  of  the
uncertainty  principle,
which  states  that  a
s i g n a l  c a n n o t  b e
s i m u l t a n e o u s l y
localized  in  both  time
and frequency. Among
Fourier  transform
e x a m p l e s  a n d
s o l u t i o n s ,  t h e
Gaussian is particularly
important  because  it
represents the optimal
trade-off  between  time
a n d  f r e q u e n c y
concentration.

EXAMPLE 3:
FOURIER
TRANSFORM OF A

DELTA FUNCTION

T h e  D i r a c  d e l t a
function,  while  not  a
f u n c t i o n  i n  t h e
conventional  sense,  is
indispensable in signal
p r o c e s s i n g  a n d
physics. Understanding
its Fourier transform is
crucial  for  interpreting
m a n y  F o u r i e r
transform  examples
a n d  s o l u t i o n s
involving impulses and
sampling.

Step-by-
Step
Solution
The delta function δ(t)
is  defined by  its  sifting
property: ∫ δ(t)  f(t)  dt
=  f (0) .  I ts  Four ier
transform is therefore:
F(ω) = ∫ δ(t) e−iωt dt
= e−iω·0 = 1
This  means  that  an
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i m p u l s e  i n  t i m e
c o n t a i n s  a l l
frequencies with equal
amplitude.  Conversely,
the  inverse  transform
o f  a  c o n s t a n t  i n
frequency  yields  a
delta function in time.
T h i s  d u a l i t y  i s  a
recurring  theme  in
Fourier  transform
e x a m p l e s  a n d
solutions.  Practically,
this result explains why
a  l ightning  str ike,
w h i c h  i s  n e a r l y
i n s t a n t a n e o u s ,
produces  static  across
t h e  e n t i r e  r a d i o
spectrum.

EXAMPLE 4:
FOURIER
TRANSFORM OF A
COSINE WAVE

Cosine and sine waves
are the building blocks
of  periodic  signals.
Computing the Fourier
transform  of  a  cosine
function  reveals  how
pure  tones  appear  in

the frequency domain.

Step-by-
Step
Solution
C o n s i d e r  f ( t )  =
cos(ω₀t).  Using  Euler's
formula, we write:
cos(ω₀t)  =  (e iω ₀ t  +
e−iω₀t)  /  2
The  Fourier  transform
of eiω₀t is 2π δ(ω − ω₀),
and  the  transform  of
e−iω₀t  is  2π δ(ω + ω₀).
Therefore:
F(ω) = π [δ(ω − ω₀)
+ δ(ω + ω₀)]
This result tells us that
a  pure  cosine  wave
c o n s i s t s  o f  t w o
i m p u l s e s  i n  t h e
frequency  domain,
located at ±ω₀. This is
o n e  o f  t h e  m o s t
in tu i t ive  Fourier
transform  examples
a n d  s o l u t i o n s
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because  it  directly
confirms  what  we
already  know:  a  pure
tone  has  a  s i ng le
frequency.  The  two
impulses arise because
cosine is a real-valued
s i g n a l ,  a n d  t h e
frequency  domain
representation must be
symmetric  for  real
signals.

PRACTICAL
APPLICATIONS OF
FOURIER
TRANSFORM
EXAMPLES AND
SOLUTIONS

Understanding  these
fundamental  examples
i s  n o t  m e r e l y  a n
academic exercise. The
Fourier  transform
e x a m p l e s  a n d
solutions  discussed
above  form  the  basis
for numerous practical
technologies.

Image
Processin
g and
Compress
ion
The  JPEG compression
standard relies on the
d i s c r e t e  c o s i n e
transform,  a  close
relative  of  the  Fourier
t r a n s f o r m .  B y
decomposing  image
blocks  into  frequency
components,  high-
frequency  details  that
are less perceptible to
the human eye can be
discarded,  resulting  in
efficient  compression.
The  rectangular  pulse
example helps explain
why  sharp  edges  in
images  produce  high-
frequency content that
m u s t  b e  h a n d l e d
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c a r e f u l l y  d u r i n g
compression.

Audio
Signal
Processin
g
Equa l i zers ,  no ise
c a n c e l l a t i o n
headphones ,  and
speech  recognition
systems all depend on
frequency  analysis.
The Gaussian example
i l l u s t r a t e s  h o w
windowing  functions
a r e  d e s i g n e d  t o
ba lance  t ime  and
frequency  resolution.
When  you  adjust  the
bass  or  treble  on  a
music  player,  you  are
effectively  applying  a
filter  in  the  frequency
domain,  an  operation
that  is  understood
t h r o u g h  Four ie r

transform  examples
and solutions.

Medical
Imaging
Magnetic  resonance
imaging  (MRI)  and
computed  tomography
(CT) scans rely heavily
on  Fourier  transform
principles.  In  MRI,  the
signal  is  acquired  in
the  frequency  domain
(k-space)  and  then
transformed  back  to
the  spatial  domain  to
form  an  image.  The
delta function example
helps  expla in  how
point- l ike  objects
appear  in  medical
i m a g e s  a n d  h o w
r e s o l u t i o n  i s
determined  by  the
extent  of  frequency
coverage.
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Telecom
municatio

ns
Modern communication
systems,  including  4G
L T E  a n d  5 G ,  u s e
orthogonal  frequency-
division  multiplexing
(OFDM),  which is  built
on the discrete Fourier
t r a n s f o r m .  T h e
rectangular  pulse
example  is  directly
relevant because each
subcarrier  in  OFDM is
shaped by a pulse that
determines its spectral
o c c u p a n c y .
Understanding Fourier
transform  examples
and  so lut ions  i s
therefore  essential  for
anyone  working  in
w i r e l e s s
communications.

COMMON PITFALLS
AND HOW TO
AVOID THEM

When working through
Fourier  transform
e x a m p l e s  a n d
solutions,  several
common mistakes can
lead  t o  i n co r rec t
results. Being aware of
these pitfalls will  save
time and frustration.

Ignoring1.
convergence
conditions: Not
all functions
have Fourier
transforms in the
classical sense.
Functions must
be absolutely
integrable or
must be
interpreted as
generalized
functions or
distributions.
Confusing2.
angular
frequency with
ordinary
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frequency: The
transform can be
expressed in
terms of ω
(radians per
second) or f
(Hertz). These
differ by a factor
of 2π, and using
the wrong
convention leads
to errors.
Forgetting the3.
normalization
factor:
Depending on
the definition
used, the forward
and inverse
transforms may
include scaling
factors of 1/√(2π)
or 1/(2π).
Consistency is
critical.
Misapplying4.
symmetry
properties:
Real-valued
signals have
conjugate
symmetric

spectra. For real
f(t), F(−ω) =
F*(ω). This
property can be
used to check
the correctness
of your results.

CONNECTING
THEORY TO
PRACTICE: A
WORKED PROBLEM

L e t  u s  n o w  w a l k
through  a  complete
problem that combines
several  concepts  from
t h e  F o u r i e r
transform  examples
and  solutions  we
have  covered.

Problem
Statemen
t
A signal is given by f(t)
= e−2|t| cos(3t). Find its
Fourier transform.
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Solution
Strategy
Instead  of  performing
the integration directly,

we  can  use  known
results and properties.
T h e  f u n c t i o n  i s  a
product  of  e−2| t |  and
cos(3t).  The  Fourier
transform  of  e−a|t |  is
known to be 2a / (a² +
ω²). For


