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INTRODUCTION TO SOLVING
LINEAR SYSTEMS
ALGEBRAICALLY

Linear systems—collections of two or
more linear equations involving the
same set of variables—form the bedrock
of algebra and appear everywhere from
budget planning to engineering design.
When you need to find the point(s)
where these equations intersect, you are
essentially solving for the values that
satisfy all equations simultaneously.
While graphing can offer a visual
solution, algebraic methods provide
precision, especially when dealing with
fractions, large numbers, or systems
with three or more variables. Learning
how to solve linear systems
algebraically empowers you to tackle
real-world problems with confidence and
accuracy. This article will walk you
through the two primary algebraic
techniques—substitution and
elimination—as well as cover special
cases and practical tips to choose the
best approach.

WHAT IS A LINEAR SYSTEM?

A linear system consists of equations
that graph as straight lines. For a system
of two equations in two variables
(typically x and y), the solution is the
ordered pair (x, y) that makes both
equations true. For three variables, the

solution is an ordered triple (x, y, 2).
Systems can have:

e One unique solution - the lines
intersect at a single point.

e No solution - the lines are
parallel and never meet.

e Infinitely many solutions - the
lines are coincident (the same
line).

Algebraic methods allow you to
determine which case applies without
having to draw accurate graphs.
Mastering how to solve linear
systems algebraically means you can
handle any of these scenarios efficiently.

THE SUBSTITUTION METHOD

The substitution method is ideal when
one variable is already isolated or can be
easily isolated. The core idea is to
express one variable in terms of the
other(s) and then substitute that
expression into the remaining equations.
This reduces the system to a single
equation in one variable, which you can
solve directly.

Step-by-Step
Process for
Substitution

1. Isolate a variable - Choose one
equation and solve for one
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variable in terms of the other(s).
Choose the simplest equation to
avoid messy fractions.

2. Substitute - Replace that
variable in the other equation(s)
with the expression you found.

3. Solve for the remaining
variable - The result is an
equation in one variable. Solve it
using basic algebraic operations.

4. Back-substitute - Plug the value
you found back into the expression
from step 1 to get the other
variable.

5. Check - Verify the ordered pair
satisfies both original equations.

Example:
Substitution In
Action

Solve the system:

y=2x+1
3x+2y=12

Step 1: The first equation already has y
isolated: y = 2x + 1.

Step 2: Substitute into the second
equation: 3x + 2(2x + 1) = 12.

Step 3: Simplify: 3x + 4x + 2 =12 - 7x
=10 -» x = 10/7.

Step 4: Back-substitute: y = 2(10/7) + 1
=20/7 +1 = 27/7.

Step 5: Check: 3(10/7) + 2(27/7) = 30/7
+ 54/7 = 84/7 = 12 v. The solution is
(10/7, 27/7).

Substitution works well when one
coefficient is 1 or -1, making isolation
straightforward. It is also the method of
choice for systems with three or more
variables, as you can repeatedly
substitute to reduce the system.

THE ELIMINATION (ADDITION)
METHOD

The elimination method (also called
the addition method) aligns equations so
that adding or subtracting them
eliminates one variable. This method
shines when coefficients are already set
up nicely, or when you can multiply one
or both equations to create opposite
coefficients for a variable.

Step-by-Step
Process for
Elimination

1. Align equations - Write both
equations in standard form: Ax +
By = C.

2. Multiply (if needed) - Multiply
one or both equations by
constants so that the coefficients
of one variable are opposites (e.g.,
3 and -3).

3. Add the equations - When you
add, that variable cancels out,
leaving an equation in the other
variable.

4. Solve for the remaining
variable.

5. Back-substitute - Plug the value
into one of the original equations
to find the other variable.

6. Check.

Example:
Elimination in
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Action

Solve the system:

2x+ 3y =17

4x-y=5

Step 1: Both equations are in standard
form.

Step 2: To eliminate y, multiply the
second equation by 3: (4x -y) X 3 » 12x
-3y = 15.

Step 3: Now add the first equation (2x
+ 3y = 7) to the modified second
equation:

(2x + 3y) + (12x-3y) =7 + 15> 14x =
22.

Step 4: x = 22/14 = 11/7.

Step 5: Substitute into 2x + 3y = 7:
2(11/7) + 3y =7 - 22/7 + 3y =7 - 3y
=7-22/7T=49/7-22/7=27]T->y=
9/7.

Step 6: Check in 4x - y: 4(11/7) - 9/7 =
44/7 - 9/7 = 35/7 =5 v. Solution: (11/7,
9/7).

Elimination is often faster when both
equations contain fractions, because you
can clear denominators first. It also
generalizes neatly to larger systems
using matrix methods (Gaussian
elimination).

SPECIAL CASES: NO SOLUTION
OR INFINITE SOLUTIONS

When solving linear systems
algebraically, you may encounter
results that indicate something other
than a unique solution. Recognizing
these situations saves time and prevents
misinterpretation.

No Solution
(Inconsistent
System)

If, during solving, you arrive at a false
statement (e.g., 0 = 5), the system has
no solution. Geometrically, the lines are
parallel and never intersect. For
example:

y=2x+3

y=2x-1

Substituting gives 2x + 3 =2x-1->3 =
-1, a contradiction. No solution.

Infinite Solutions
(Dependent
System)

If you obtain an identity (e.g., 0 = 0), the
equations represent the same line. Every
point on that line is a solution. For
instance:

2x +4y =18

X+2y=4

Multiplying the second equation by 2
gives 2x + 4y = 8, identical to the first.

Elimination yields 0 = 0. The solution set
is all (x, y) such that x + 2y = 4.

CHOOSING BETWEEN
SUBSTITUTION AND ELIMINATION

Knowing how to solve linear systems
algebraically includes deciding which
tool to use. Here are practical guidelines:

¢ Use substitution when one
variable has a coefficient of 1 or
-1, or when one equation is



already solved for a variable.

¢ Use elimination when both
equations are in standard form
and coefficients are easy to match,
or when you dislike fractions.

e For systems with three or
more variables, elimination (or
its matrix form) is usually more
systematic, though substitution
can work stepwise.

e When in doubt, try elimination
first - it often leads to cleaner
arithmetic, especially if you clear
decimals or fractions initially.

Both methods are equally valid; practice
with both to become flexible.

SOLVING LINEAR SYSTEMS WITH
THREE VARIABLES

Extending to three unknowns requires a
similar but slightly more elaborate
process. The goal is to reduce the
system to two equations in two
variables, then solve that subsystem. For
example, given:

X+y+z=6
2x-y+2z=3
X+2y-z=2

You can eliminate z by adding the first
and third equations (cancels 2): 2x + 3y
= 8. Then eliminate z by subtracting the
second from the first? Actually, you need
a second pair. Add the second and third:
3x + y = 5. Now solve the 2x2 system
2x + 3y = 8 and 3x + y = 5. Using
elimination: multiply the second by 3: 9x
+ 3y = 15; subtract the first: (9x - 2x) +
(By-3y)=15-8-7x=7-»x=1.
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