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INTRODUCTION

Understanding the domain of a function
is a foundational concept in algebra and
calculus. The domain represents all
possible input values (usually x) that
produce a valid output. While graphical
methods can hint at domain restrictions,
the most reliable approach is to find the
domain algebraically. This skill allows
you to determine exactly which x-values
are allowed without needing a graph,

making it essential for solving equations,
analyzing functions, and preparing for
more advanced mathematics.

In this comprehensive guide, you will
learn how to find domain algebraically
for various function types, including
polynomials, rational functions, square
roots, and logarithmic expressions. We
will walk through clear steps, worked
examples, and common pitfalls. By the
end, you will confidently identify domain
restrictions using only algebraic
reasoning.
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FUNCTION?

Before diving into algebraic methods, it
helps to recall the definition. Given a
function f(x), the domain is the set of all
real numbers x for which f(x) is defined.
For instance, the function f(x) = x2 can
accept any real number, so its domain is
all real numbers (often written as R).
However, many functions have
restrictions:

» Rational functions cannot have
a denominator equal to zero.

e Square root (or any even root)
functions require the radicand to
be non-negative.

¢ Logarithmic functions require
the argument to be strictly
positive.

The goal o\HHAT#S THEDOMAIN OF A
to identify these restrictions and express
the domain in interval notation or set-
builder notation.

GENERAL STRATEGY FOR
FINDING DOMAIN
ALGEBRAICALLY

No matter the function, the general
strategy follows these steps:

1. Identify operations that
impose restrictions. Look for
denominators, even-index roots,
logarithms, and other restricted
operations.

2. Set up inequalities or
equations based on those
restrictions (e.g., denominator # 0,
radicand = 0).
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3. Solve for x to find which values
are allowed or forbidden.

4. Write the domain using interval
notation, combining all allowed
intervals.

Let's apply this strategy to each major
function type.

POLYNOMIAL FUNCTIONS:
ALWAYS ALL REAL NUMBERS

Polynomial functions like f(x) = 3x2 - 5x
+ 2 or f(x) = 2x> - x3 have no
denominators, no roots, and no
logarithmic parts. Therefore, their
domain is always all real numbers: (-,
«). No algebraic work needed beyond
recognition.

Example: f(x) = 4x3 - 2x + 7 -» Domain:

(-0, ).

HOW TO FIND DOMAIN
ALGEBRAICALLY FOR RATIONAL
FUNCTIONS

Rational functions are of the form f(x) =
p(x) / g(x), where p and q are
polynomials. The key restriction is that
the denominator cannot be zero.
Algebraically, you set the denominator
equal to zero and solve for x. Those x-
values are excluded from the domain.

Step-by-Step
Method for



Rational
Functions

e Write the denominator polynomial
q(x).

e Set g(x) = 0 and solve.

e The domain is all real numbers
except those solutions.

Example 1: f(x) = (x+1) / (x> - 4)
Denominator: x2 -4 =0 - (x-2)(x+2)=0
»X=2,X=-2.

Domain: (-», -2) U (-2, 2) U (2, »).

Example 2: f(x) = (3x) / (x2 + 1)

Denominator: x2+ 1 =0-x2=-1-n0
real solution (since square of real
number cannot be negative). Hence
denominator never zero -» domain: (-,

),

Notice that you must consider only real
solutions. Complex numbers do not
affect the real domain.

FINDING DOMAIN
ALGEBRAICALLY FOR RADICAL
FUNCTIONS (EVEN ROOTS)

For even-index radicals like square root
(index 2), fourth root, etc., the radicand
(expression under the radical) must be
greater than or equal to zero. For odd
roots (cube root, fifth root), the domain
is all real numbers because odd roots
accept negative arguments.

q How To Find Domain Algebraically

2025-07-04



How To Find Domain Algebraically 5

How to Handle
Square Roots

1. Identify the radicand (the part
inside V).

2. Set radicand = 0.

3. Solve the inequality.

Example 1: f(x) = V(2x + 6)

Radicand: 2x + 6 =20 - 2x = -6 » x =
-3.

Domain: [-3, «).

Example 2: f(x) = V(x> - 9)

Radicand: x2-9 = 0 - (x-3)(x+3) = 0.
Solve inequality: critical points x = -3, 3.
Test intervals: (-», -3] - positive, [-3,3]
- negative, [3,0) = positive. Accept
where =0: (-, -3] U [3, »).

Combination with Denominator: If a
square root is in the denominator, the
radicand must be strictly greater than
zero (not equal) because denominator
cannot be zero.

Example: f(x) = 1/V(x - 5)
Radicand: x-5> 0 - x > 5 - Domain:
(5, »).

LOGARITHMIC FUNCTIONS:
DOMAIN MUST BE POSITIVE

For logarithmic functions of the form f(x)
= log_b(g(x)) or In(g(x)), the argument
g(x) must be strictly greater than zero.
The base b (positive, not 1) is usually
given.

Steps:

1. Identify the argument inside the
log.



2. Set argument > 0.
3. Solve the inequality.

Example 1: f(x) = In(x? - 4)

Argument: x2 -4 >0 - (x-2)(x+2) >0
Critical points: x = -2, 2. Intervals: (-,
-2) = positive? Test x = -3: 9-4=5 >0
yes. (-2,2) negative, (2,«) positive.
Domain: (-, -2) U (2, ).

Example 2: f(x) = log(5 - 2x)
Argument: 5-2x>0--2x >-5->x <
2.5 -» Domain: (-, 2.5).

FINDING DOMAIN FOR COMBINED
FUNCTIONS

Many functions combine multiple
operations: rational expressions with
square roots, logs with denominators,
etc. In such cases, you must satisfy all
restrictions simultaneously. This often

involves solving a system of inequalities.

Example with
Rational and
Square Root

Consider f(x) = V(x+2) / (x2 - 9)

e Squareroot: x+2=0-»x = -2

e Denominator: x2-9#0-x # 3
and x # -3

e Combine: x = -2, exclude x = 3
(but -3 is already less than -2, so
not in the range). Domain: [-2, 3) U
(3, ).

Example with Log and Denominator:
f(x) =1/ (In(x) - 1)
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Restrictions:

e Denominator In(x) -1 # 0 - In(x)
#l-ox=#e

e Log argument; x > 0
Domain: (0, e) U (e, «).

Always check that your solution intervals
do not include points that violate any
condition.

ALGEBRAIC DOMAIN FOR
TANGENT AND OTHER TRIG
FUNCTIONS

Trigonometric functions also have
domain restrictions. For example, tan(x)
= sin(x)/cos(x) is undefined where
cos(x)=0. Similarly, sec(x) and csc(x)
have restrictions from denominators.
Although less common in basic algebra

courses, you may encounter them.

Example: f(x) = tan(2x + n)

Set denominator cos(2x+m) = 0 » 2x+mn
=mn/2 + kn-2x=-/2 + kn->x =-n/4
+ kn/2, where k integer. Domain
excludes those infinitely many points.
Usually expressed as "all real x except x
= -mi/4 + km/2".

COMMON MISTAKES WHEN
FINDING DOMAIN
ALGEBRAICALLY

Even experienced students sometimes
make errors. Watch out for:

* Forgetting that even root
radicands can be zero. Domain
includes zero for square roots if
not in denominator.

e Overlooking denominator



restrictions inside a root or log.

¢ Not solving inequalities
correctly (e.g., forgetting to flip
sign when multiplying/dividing by
negative).

e Combining intervals incorrectly
when multiple restrictions overlap.

e Assuming all roots are even -
cube roots have domain all reals.

Practice with a variety of functions to
build confidence.

endpoint). Union symbol u separates
intervals.

Examples:

-X=2-[2, ©)
-x<0orx>5- (-0, 0) U (5 )

- All real numbers except 1 and 4 - (-,
1) u (1, 4)u (4, »)

For functions with infinitely many
excluded points, like tan(x), you may
write "all real x such that x # /2 + km"
rather than enumerating.

WRITING DOMAIN IN INTERVAL
NOTATION

ADVANCED EXAMPLE: DOMAIN
OF A COMPOSITE FUNCTION

After finding allowed values
algebraically, express them in interval
notation. Use parentheses ( ) for open
ends (not including endpoint) and
brackets [ ] for closed ends (including

When you have composite functions
f(g(x)), the domain requires that x be in
the domain of g, and also that g(x) be in
the domain of f. Algebraically, you work
inside out.
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Example: Suppose f(x) = Vx and g(x) =
x2 - 4, then f(g(x)) = V(x? - 4). Domain:
Xx2-4=0-(-o, -2] U [2, »). But if
instead f(x) = 1/x and g(x) = x - 3, then
f(g(x)) = 1/(x-3). Domain: x-3 # 0 » x #
3, plus also g(x) must be in domain of f
which is all real except 0 (but 1/x
undefined only at x=0). So g(x)=x-3
cannot be 0?7 Wait, careful: For f(g(x)) =
1/(x-3), the inner function g(x)=x-3 has

domain all real. The outer function
f(u)=1/u is defined for u#0. So we need
x-3 # 0 » x # 3. That's the only
restriction. No extra condition because
g(x) never fails its own domain. So
composite domain = (-»,3)u(3,»).

When dealing with composites, always
consider both the inner domain and the
outer domain requirement applied to the
inner output.



